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Parameter-Transfer Finite Element Method
for Structural Analysis

R. Barboni,* P. Gaudenzi,T and A. Manninif
Universita di Roma ‘‘La Sapienza,’’ Rome 00184, Italy

A theoretical formulation of a method to solve structural problems is given from a general point of view. The
procedure creates a mathematical model of typical elements taking into account the whole behavior of the
structure under concern such as static, dynamic, aerodynamic . . . thermal actions. In analogy with other
numerical methods like finite elements, a “library’’ of models, named parameter-transfer finite elements
(P-TFE) can be obtained for simple structures. Complex geometries can be approached by a discretization
technique assembling the contributions from each element. An application to the panel flutter problem is given
‘in which the proposed method overcomes most difficulties of the usual techniques of solution. To assess the
validity of the method, a comparison with results obtained by other authors is made.

Nomenclature

{C}n» =vector of integration constants
EI =bending stiffness

11 =unit matrix
/ =length of the panel

M, M =bending moment
[N1,, =shape function of mth order
[N*]  =shape function at x,
P = axial load
q = dynamic pressure
[RY; =transfer matrix of the ith element
T, T =shear force
w =transverse displacement
X =nondimensional independent variable
Xo =value of x at the left of the element
{Y} =vector of state variables
{Y*} =imposed conditions at xq
{Y}, =vector of the generalized state variables
g = [(Mach number)?— 1}"*
¥ =normalized axial load
Smn =Kronecker delta
04 =rotation of the section of the plate
A =normalized eigenfrequency
U =mass density
o =normalized dynamic pressure
w = eigenfrequency
Introduction

T is well known that for some structures it is possible to

obtain the exact analytic expression of the transfer matrix
that relates the state variables on one side of the structure to
the same variables on the other side. The solution of complex
geometries made by several members can be approached by
assembling the exact transfer functions of each member. Nev-
ertheless, the transfer matrix method presents two kinds of
difficulties: first, the deduction of the transfer matrix is not
always easy and often possible only for elementary members;
second, its practical use is cumbersome, because almost al-
ways transcendental equations are involved.
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The present approach of analysis is based on an analytical
solution of the differential equations that describe the behav-
ior of a single elementary member. The solution is obtained as
the series expansion in terms of one parameter to obtain a
mathematical model named parameter-transfer finite element
(P-TFE). Complex geometries can be modeled by assembling
these elements.! A simple mathematical model of a structural
problem, which can be solved by standard library routines,
can be obtained. In fact, the series expansion solution gives a
polynomial and not a transcendental expression of unknowns.
From a numerical point of view, the approximate solution, up
to the desired term, can be obtained by manipulating a poly-
nomial matrix.

The present method is very general and can be applied to
several physical problems in which the solution involves some
parameter. Some cases of interest might be thermal, aeroelas-
tic, and stability problems. For each of these cases, it is
possible to create a library of parametric finite elements,
which takes into account the behavior of the structure in the
whole. '

The proposed approach can be particularly useful in those
cases in which the exact transfer function is not known and
also in which classical approximate approaches, such as the
Galerkin or finite element methods (FEM), are not applicable
without strong computational efforts.

In the following paragraph the theoretical formulation of
the method is given. The method is then validated by an
application to the case of monodimensional panel flutter. This
problem has been extensively studied by a number of authors
using different approaches such as Galerkin’s method®’ or
finite elements.?-!3 Comparisons with the results obtained with
the present method are reported in the numerical examples.

Theoretical Formulation

Following the classical procedure of the transfer function

method, the relationship between the state variables of inter-

faces i and / — 1 can be defined as follows:

{Y}i=[RL:{Y}:i )

where [R]; is the transfer matrix of the ith element E;. The

behavior of the element E; is described by the following system
of differential equations

(Y} =AM\ 0,7, . . I {Y )i+ (F); 9
and by the corresponding conditions at the left:
{(Y}i={Y*) 3)
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where A, o, v, ... are parameters related to inertial forces,
compressive loads, dynamic pressures, etc., on which the dif-
ferential equations (2) are dependent. In the next formulas, we
can neglect the subscript i.

The proposed approach starts by expanding [A (A, o, 7, . . )]
into power series of A, o, v, . . . Expansion into a series of
powers of X yields for the ith [A4]

AN, 0,7y, .. )] = E MA@, v, .. )

p=0
At this stage it is possible to expand [4 (o, v, . . .)], into a

series of o, obtaining

= E E No? [A(y, . . -)]pq

p=0g=0

[AQA, 0,7, . .

The most general expression of [4] will be

N=X X XNy ... [4C . Mpgr-- -

=0g=0r=0
P q (@

[AN, 0,7, ..

However, it is not necessary to expand the expression of [4 (A,
g, v . . .)} into a series of each of the parameters A\, g, v . . .
In some cases it is better to confine the expansion to one or
two parameters; in this way the dependence of [4] on the
other parameters will continue to appear in analytic implicit
form.

If [A] depends on one parameter only, by expanding the
matrix [4A (\)] in power series of A\, Eq. (2) can be written for
the ith element in the form of

(Y}’ = Y WN[A], (Y} + (F} )

p=0
and the solution can be taken as

(Yi= XN (Y}n ©®

m=0
For the principle of identity of series Eq. (5) reads

(Y}n=[A1{Y}m + 0om (F} + (1 = 8,:m) (G}

, 0
m=20,1,...
where
(Glm= XA (Y},
p=1
Consequently, the solution can be put in the form
(Y} = NI {CYm + 8om {f} + (1 — 80m) (&) m
®)

m=0,1,...

The first term on the right-hand side is the general solution of
the homogeneous equation associated with Eq. (7); the other
terms are a particular solution of the full equation. The ve¢-
tors {C},, are the vectors of integration constants.

In analogy with the FEM, the elements of vectors {N} can
be thought of as the shape functions of the element. In FEM
the choice of shape functions is related to the convergence as
the mesh is more and more refined. In the present method, the
choice of -{N},, is related to the convergence of the series
expansion (6).

To satisfy the conditions (3), we impose

(Y}o=(Y*)],  {¥},=0with m=0 ©)

from which it follows
{Clo=IN*Ig' ({Y*}-{f}) (10)

and

{Clm=—IN*1,' {g}n with m#0 am
Equation (6) can now be written as follows:
{Y) =[NLIN*]g ' { Y*} + (] - [N1IN*1g D {f)

+ XN~ N, IN*1 (g }m (12)

m=1

As soon as {Y} is known, we can set up the extended state
vector and extended transfer matrix [R];.

If a complex structure is considered, it is possible to obtain
the expression of the transfer matrix [R] as

[R1=[RI}~ . . . [R2 RI}"

where [R]; is the transfer matrix of the ith element and M, is
the degree of approximation that concerns the ith element.

It is also possible to consider a simple element as a repetitive
structure using a discretization technique. In fact, one can
divide the elements into N subelements and expand the poly-
nomial expression (6) up to M.

Development of Parameter-Transfer Finite Elements
for Elementary Structures
To show that the general formulation developed in the
previous section has many possible applications, some cases
are examined concerning classical problems of structural engi-
neering. For each case it is possible to develop a specific
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Fig.1 Convergence of the critical load.
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P-TFE in terms of a parameter that accounts for not only the
geometric and elastic characteristics of the structure but also
the applied action (such as inertia forces, aerodynamic pres-
sure, and compressive load). The expressions of some P-TFE

that account for one or more than one applied action are
reported.

800.]

written as

’

w 0 00
d 0 10
M| |0 0 1
T 0 00

OO O =

w 0 0
& 00
M| Mo o
T 1 0

It has been assumed M =MI/EI, T=TI*/EI, \=pw*l*/EI.

The expression for the transfer function matrix reads
P
[R1= ¥ VIRy]
p=0
where

(x—x0)**
Ry =Rp=Ry=Ry= 0

(4p)!
(x—x0)*"~!
Ro=Rup=Rua=(1—5
21=R3=Ry3=(1-0p) @ -1
(X—X )4p+l
Riy=Ry3=R3= o
4p + 1!
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Fig.2 Convergence of the critical pressure with respect to the num-
ber of elements and the order of series expansion.

Dynamic Behavior of an Eulerian Beam (the Dynamic-TFE)

600
In the case of free vibrations of a beam, Eq. (5) can be
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Buckling of a Beam (the Buckling-TFE) '
For the case of the Eulerian buckling load, Eq. (5) can be
written as
w 01 00 w 0 0 0O w
D 0 01 0 ? 0 0 0 O §
M 000 1| |M{ Ylo1o0o||M
T 0 0 0 O T 0 0 0O T
| ‘ ,
In this case vy = P/%2/EI where P is the applied load. The
expression for [R] is as follows:

P
[R1= X (~ 1PVIRy]

p=0
where

Ry = Ryy = by

_=x)¥®*?

“72p +3)

Ry =Ry =Ry = ()(cz;xj_)zf;l
-
Ry =Ry; = (i(;;x)o!f_p
——
Ry =R31=Ry = 342 =R;=0

Fig. 3 Coalescence of the first two modes for different boundary
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Monodimensional Panel Flutter (the Flutter-TFE)

Consider the small oscillation of a flat plate of infinite
length, taking into account aerodynamic terms in accordance
with the linearized formula of the ““piston theory.’’ The set of
equations reads

[0 1 007 [w

w

9| _ {00 10| 1)
M 0 —vO01| |M

T

AN—-000 T

It has been assumed M = MI/EI, T = TI*/EI, v = PI*/EI,
o =2ql3/EIB, and A = pw?l*/EI, where w is a complex num-
ber. The matrix A is in the form 4 = A (A, v, o). We can
start by assuming

4 (A, 0, V)] = [4og (0, V)] + MA4] (14)
If we assume
(YO, 0, ) = X ¥{Y(0, M}, (15)
p=0

then Eq. (13) is transformed, yielding
L WY (o, V)15 = [Aolo, V] X M{Y(o, M},
p=0 had p=0
+ Al X ¥ (Y(o, 1}, (16)
=0
It is possible to order the terms of Eq. (16) with respect to the
power of A\; Eq. (16) can be considered equivalent to the
following set of equations:

(Y(0, M}, = [Aolo, PILY (0, 1)),

+ (1 = 60,)[A11{ Y (0, 1)} p-1

and initial conditions according to Egs. (3).

At this stage it is possible to proceed two distinct ways 1) by
solving analytically the set of Eq. (17), 2) by considering each
equation of the set of Eq. (17) as the type (2). In the first case,
the \-TFE will be developed, that is, the element that accounts
for the dynamic behavior, in which the terms still depend from
o and v. In the second case, it will be assumed that the
unknown depends on one of the remaining parameters as in a
power series expansion. A Ao-TFE or a Ay-TFE will be devel-

p=0,1... a7

oped.
To obtain a Ao-TFE, we assume
(Y©, Dlp= L oY) om as)
and e
[Ao(e, V] = [Aew(] + olAn] 19

Analogous to what was done for Eq. (16) the following set of
equations is obtained:

(YD} pm = [AooIEY (M pm + (1 = Som) A { Y (V) } pim — 1y
+ (1= 8)AH YW} - ym
withp=0,1...,m=0,1... (20)
and initial conditions according to Egs. (3).
Note that Eqgs. (20) are dependent on only one parameter.

We can once more make an assumption about the unknowns
as follows:

{ Y('Y) }pm = E ¥ Y}pmn (€2}

n=0

with
[Aoo()] = [Agoo] + v[Ao01]

The derived equations will not depend on any parameter and
are very easy to solve:

(Y Y pmn = [Aooal Y Jpmn + (1 = S0x)Aoor] { ¥ 3 omes -1
+ (1 = Bom) Aol (Y} pm - 1
+ (1 = 80) AT Y } o tymn
withp=0,1...,m=0,1...,n=0,1... 22)

Having obtained the solutions of Eq. (22), it is possible to
express the original unknown as follows:

(Y}=X¥E " X7 (Y)omn 23)

p=0 m=0 n=0

where {Y},., are known functions. By stopping the series
expansion, respectively, at p=P, m=M, and n=N, it is
possible to get an approximate solution of the panel flutter
problem, because the unknown is now expressed by means of
a polynomial expression of the parameters.

Table 1 Critical pressure ¢ and corresponding frequency A
for different kinds of supports

Hinged- Clamped- Clamped- Clamped-
hinged clamped hinged free
Present results, ¢ 343.356 636.581 479.532 135.301
Weisshaar, 7 ¢ 343.2
Mei, 2 ¢ 343.280 636.586
Exact result,!2 ¢ 343.3564 636.5691
Present results, A\ 5.69 7.24 6.46 4.84
Mei, 12 A 5.69 7.24 6.46
Exact result,!2 A 5.69 7.24 6.46
ocr
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Fig. 4 Effect of the stiffness of the constraint on the values of
critical pressure and critical frequency of flutter [for x =0: M =ad;
for x=I: M= —ad where a is a constant varying from 0 (simply
supported panel) to o (ciamped panel); for sake of simplicity in the
diagrams of the values of o and A are reported vs p=a/(1-a)].
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The numerical procedure can be improved by considering
the beam under concern divided into substructures and by
applying to each subelement the approximate procedure just
presented. In this way the accuracy of the procedure can be
improved both by increasing the order of the expansions and
by refining the P-TFE mesh; in fact, the original panel can be
subdivided into elements and each element can be treated as
mentioned before.

The expression for the final transfer function matrix that is
for the Aoy-TFE reads

P M N
[R]1= XN X (= D)™™ ¥ (= 'y IR;lpmn

p=0 m=0 n=0

[Rij]pmn = [Sij]pmn [Kij]pmn

If we give for [K1i09, [Klo10, [Kloo1, and [Klgg the following
expressions

where

0000
0000

Klowo=1K)100= {1, Kloo1 =
[KTooo = [K]100= 11 (Koo 0010
0001

0000

0100

K =
[K]o10 0010
0001

[K1pmn can be derived as follows:
[K]pmn =(1- Bop)[K](p~ ymn + - aom)[K]p(m— n
+ (l - 6on)[K]pm(n~ 1)

As far as [S;;],mn is concerned we obtain:

(x __xo)Zn +3m+4p

S11=S80=Su=S8u=
HToRmen =04 on +3m + 4p)!
(x_x0)2n+3m+4p—-l
Sy =S;=83=C
ATERTEB T o0 +3m +4p — 1)1

(x_x0)2n+3m+4p+1

S =80 = Say=
REOBTEMT on +3m +4p +1)!

(x_x0)2n+3m+4p—2
S51=8Sp=C
NPT on +3m + 4p — 2)!
(x_x0)2n+3m+4p+2

2n+3m+4p +2)!

Sl3 =S24=

(x_x0)2n+3m+4p+3

T@n+3m+4ap +3)!

14

(x_x0)2n+3m+4p~3

=C
(n +3m +4p - 3)!

Sa

where
C =1~08¢, Son60m

The first step of the procedure by which the above expressions
were o_btained is described in the Appendix.

Convergence of the Method

Convergence can be obtained either by increasing up to
infinity the number of terms of the series expansion or by
increasing the number of elements into which the structure is
subdivided. From a practical point of view, only a finite

number of terms of the expression and a finite number of
elements can be taken. Consequently it is worthwhile to anal-

" yze the rate of convergence using one of the different ways just

mentioned.

As far as the dynamic and the buckling-TFE are concerned,
in Ref. 1 an extensive analysis of the convergence has been
carried out.

Figure 1 shows, for the buckling case, the rate of conver-
gence as a function of the number M of terms of the series
expansion and the number Q of elements into which the struc-
ture is subdivided. In any case the convergence is assured by
assuming at least P =2 for the dynamic case and at least M =3
for the buckling case.

As far as the aeroelastic case is concerned, the diagrams of
Fig. 2, in which also the exact solution is reported,!? show that
even with few elements, a strong rate of convergence is ob-
tained by considering three terms of the series expansion
M =3). '

For this reason the numerical expression reported in the
following were performed assuming the Aoy-TFE at the fol-
lowing orders of expression, P=2, M =3, and N=3, and
using only a very limited number of elements, namely four.
These examples, obtained with such a limited number of the
terms of series expansion and of the considered elements,
show a good agreement with what other authors obtained.

An order of magnitude of computing times can be esti-
mated, considering that each one of the diagrams of Fig. 3 was
obtained using a PC 386 in a time on the order of a few
minutes. '

Numerical Examples
In the first numerical case, it has been assumed that no
compressive load is applied, that is, y=0. The coalescence of
the first two modes as obtained by the present approach is
shown in Fig. 3 in which several boundary conditions are

4 ELEMENTS
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Fig. 5 Effect of the presence of axial load on the values of critical
pressure and critical frequency of flutter.
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Fig. 6 Critical pressure vs axial load.
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Fig. 7 Critical frequency vs axial load.

~ A, Ay
24
o —_ T T T T I’ T Y N —
0 2 4 [ 8 w y (34 36 38 140
(2m)
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Fig. 9 Combined effect of the presence of dynamic pressure and
in-plane axial load on the stability of the panel.

considered. To compare present results with those obtained by
other authors, the values of critical pressure are reported in
Table 1. The effect of the type of boundary condition on the
critical values of dynamic pressure can be observed in Fig. 4 in

which the critical pressure and the correspondent critical fre-

quency are reported vs the elastic coefficient of the support at
boundary edges.

In Fig. 5 the effect of axial load v on the critical dynamic
pressure can be observed for a simply supported panel. The

variation of the critical pressure and of critical frequency vs y
are reported in Figs. 6 and 7. The simple case for which 6=0
is also studied for an assessment of the procedure; the varia-
tion of the first two eigenfrequencies vs the axial load is
reported on Fig. 8.

Figure 9 shows the combined effect of the dynamic pressure

" and axial load on the acroelastic stability of the plate. The

figure shows an area of stability that is bounded by a curved
line that represents the instability due to buckling and another
line that represents the instability due to the coalescence of the
first two frequencies.

Conclusion

In the previous paragraphs an original method to analyze
some classical structural problem was presented. For each
case, a P-TFE is developed. The method can be applied with-
out difficulties to more complex cases; it can be implemented
very easily and does not need high computing times. The
values obtained for the problem of panel flutter show an
excellent agreement with well-known solutions. :

Appendix
The solution of the first of Eqs. (22) can be obtained easily,
considering that the solution is of the form

x3/3! x2/2 x 1 C
x¥2 x 10 C,
1 00 Cs

1 0 00 Cy

{Y Jooo=

where C; are to be determined by imposing the initial condi-
tions {Y}gpo={w* 9* M* T*}T at point x,. By assuming .
Xo=0, the solution can be obtained in the following form:

(Y }oo= 0 x x%/2 x3/3! w*
01 x x%2 9*
00 1 X M*
00 O 1 T*

Now it is easy to solve the second of Egs. (22); the solution of
the associated homogeneous equation is the same as the first
equation and the boundary conditions are {Y }4,= {000 0}7.
The expression for {Y }qo, reads

0 x3/3! x*/41 x5/517 [ w*
0 x%/2 x3/3! x%/4! 9*
0 x x%/2 x3/3! M*
0 0 0 0 T*

{YJoor=—

The expression for {Y}q, can be easily derived. It corre-
sponds to the case of the presence of the Eulerian buckling
load only, which is reported in the corresponding paragraph.
At this stage it is possible to solve Eq. (20) and then Eq. (17),
yielding the general solution described in the text.
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manner if problems arise during the conversion. A problem may
be caused, for instance, by using a “program within a program”
(e.g., special mathematical enhancements to word-process-
ing programs). That potential problem may be avoided if you
specifically identify the enhancement and the word-process-
ing program.
The following are examples of easily converted software
programs:

m PC or Macintosh TEX and LATEX

m PC or Macintosh Microsoft Word

m PC WordStar Professional

m PC or Macintosh FrameMaker
If you have any questions or need further |nformat|on on disk
conversion, please telephone:

Richard Gaskin
AlAA R&D Manager
202/646-7496
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